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Radiation and Convection in Circular Pipe
with Uniform Wall Heat Flux

J. M. Huang* and J. D. Linf}
National Chiao Tung University, Hsinchu, Taiwan, Republic of China

The interaction of thermal radiation with laminar forced convection in thermally developing circular pipe flow
is analyzed theoretically. The analysis considers an absorbing and emitting gray fluid bounded by a heated black
wall having a uniform heat flux subjected at a certain finite length of wall and insulated otherwise. The
contribution of thermal radiation is obtained by solving the two-dimensional exact integral equations for the
divergence of radiative heat flux with the use of finite element node approximation technique. The governing
energy equation is solved numerically by the Crank-Nicolson finite difference method with an iterative proce-
dure. Effects of various radiation and convection parameters such as optical radius, Peclet number, and inlet
fluid temperature on wall radiative heat flux are presented. The effects of the parameters on the development
of fluid bulk temperature and wall temperature are also analyzed.

Nomenclature
C, = specific heat
I, = blackbody intensity
I,, = boundary intensity
k = thermal conductivity
L dimensionless length of heating section, //R
I length of heating section
m = number of radial grid points for convection part
n number of radial node points for radiation part
A refractive index
Nc = conduction to radiation parameter, kx/(4/%T})
Pe = Peclet number, RePr
Prandtl number, v/o
Q¢ = dimensionless constant heat flux applied at wall
,, = dimensionless wall radiative heat flux, rq,’v/(ﬁzan“)
q¢ = constant heat flux applied at wall
gy = wall radiative heat flux
R = radius of pipe
Reynolds number, u,,R /v
radial coordinate
optical radial coordinate
source function
temperature
inlet fluid temperature
reference temperature, gjR/k
velocity
maximum velocity
axial coordinate
optical axial coordinate
thermal diffusivity
dimensionless radial coordinate, r/R
polar angle
absorption coefficient
kinematic viscosity
dimensionless axial coordinate, 7/R
density
Stefan-Boltzmann constant
optical radius
dimensionless temperature, T/T}
Yo = dimensionless inlet fluid temperature
¥» = dimensionless bulk temperature
¥, = dimensionless wall temperature
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Introduction

HE problem of combined radiation and forced convec-

tion from a pipe wall to the fluid or vice versa is of
importance in many industrial applications. They include heat
exchangers in industry, the cooling processes in nuclear reac-
tors, and solar energy collectors. Another example is the waste
heat extraction from flue gases, which usually consist of par-
ticulates plus gaseous products. In the thermal analysis of such
applications, interaction of radiation with convection must be
considered in establishing the overall heat transfer. Account-
ing for the influence of radiation on the local heat transfer in
ducts is a difficult problem and has been a subject of great
interest for many years.

The interaction of thermal radiation and forced convection
in the thermal entrance region of a circular pipe with sudden
temperature jump has been studied by many investigators.!-26
Only a few investigations have been concerned with combined
radiation and forced convection in a circular tube with wall
heat flux. Siegel and Perlmutter,”-?® Chen,” Sikka and
Igbal,*® and Ghoshdastidar and Bandyopadhyay® considered
the nonparticipating medium flow through a circular pipe with
uniform or nonuniform wall heat flux, and the heating section
was semi-infinite. Greif and others®?-3* examined experimen-
tally and theoretically fully developed turbulent flow of a
nongray optically thin radiating gas subjected to a constant
wall heat flux in a circular tube with black wall, and the

. heating section was also semi-infinite. Srivastava and Roux?’

examined the heat transport problem of a central receiver-type
solar energy collector. Only absorption was considered for the
working fluid.

The preceding literature review shows that only a few stud-
ies concerned with isothermal wall temperature boundary con-
ditions have considered two-dimensional radiative heat trans- -
fer. Also, a study concerned with the wall heat flux boundary
condition including two-dimensional radiation model is re-
quired. To simulate a more practical situation, the present
study considers the interaction of thermal radiation and
forced convection within a circular pipe flow with the wall
heated by a uniform heat flux within a finite length and
insulated otherwise. A two-dimensional radiative heat transfer
model is considered in the present study, while the fluid is a
radiatively absorbing and emitting medium and the tube wall
is assumed gray and black.

Mathematical Analysis

In the present study, we deal with a steady hydrodynami-
cally fully developed laminar flow of an incompressible, vis-
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cous, radiatively participating fluid in a circular pipe subjected
to a constant heat flux (see Fig. 1). The fluid is an absorbing
and emitting gray medium. The surface of the pipe is black.

We neglect the viscous dissipation in the fluid. We also
neglect the axial conduction term. The energy equation in -z
coordinates is then given as

a7 19 a7 R
Rl P iahl —J-v. 1
pCpu 32 krar (r 6r> v-q n

where pC, is the heat capacity of the fluid. The vector ¢”
represents the net radiation heat flux present in the fluid. The
velocity distribution « is assumed to be of parabolic form (i.e.,
laminar, hydrodynamically, fully developed).

For the present problem, the boundary conditions are

a—T=0, at r=0, —oco=<z=<o®

ar

kaT o= g6, O0=z=l!
or |r=r aw 0, otherwise

_T(r,z)="Toy, as z——

The energy equation and boundary conditions can be rewrit-
ten in terms of dimensionless quantities as

ad

a_‘f=o, as n=0, —o<E<® (3a)
a
1, O0<é¢=<L
Wi 42 or- £= (3b)
an |7 4wNc 0, otherwise
¥ = o, as f—~—oo (o)

Q;, is the dimensionless wall radiative heat flux and may be
obtained in terms of the boundary intensity 7,, and the radia-
tion source function S as

Qv'; @@= Qirnward(z) - _chutward(z) = 11,5 (2)

© 7, 27 —_7
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w 0 0 3

©

27
X dé d7, d23+j\ SO 1,,(z4) exP(_d4)
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where 7 and Z are optical coordinates defined as the products
of the medium absorption coefficient x and geometry coordi-

]
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777/
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insulated ‘__ l _.+ insulated
z=0 z=1

Fig. 1 Coordinate system and physical model.
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nates r and z, respectively. The source function S for nonscat-
tering medium is

S(r) =T, =¢* 5)
and the boundary intensity 7, for the black wall is
1,,(2) = Ly = ¥*(1,8) ©)

The divergence of the net radiative heat flux vector in the
energy equation is given in the 7-Z coordinates by3¢

CJ TR | 27
v 'Qr=4W[1b(¢)—S_m SO SO S(F1,21)

Fydodr,

X exp(—d,) PR

dz,

TR(TR —70030)

g do dzz] 1))

> 27
—j So I,,(z;) exp(—d»)

where d in the preceding equations is expressed as
dy=d(F,%;71,21), dy=d(F,Z;7r,22)
dy=d(1r,2;73,23), dy=d(1r,%:7r,24)

with d(F,z;F;,%:)=[(z— 2;)% + F*+ F# — 2FF; cosf]” represent-
ing the distance between two points (7;,%Z;,6) and (7,%,0).
The local Nusselt number is defined as

2 "
Nu(§) = = Qi(®)
where
o 1, as0=<é<L
Qe = 0, otherwise

and v, is the dimensionless fluid bulk temperature given by

1

¥p(§) = 45 RSB G ) dy ®

Solution Methodology

The governing equations for the present problem are a set of
coupled equations, Egs. (2-7). The Crank-Nicolson finite dif-
ference method is used to solve the axial differential part, and
the central difference is used in the radial differential part. A
second-order accuracy can be expected in computing the corre-
sponding finite difference equations of Egs. (2) and (3). To
construct the approximations of divergence of radiative heat
flux, v-q'(F,z), and net wall radiative heat flux, O (2), the
finite element nodal approximation method is utilized.?” In the
method, the whole geometric domain, 0<r<R and —®» =<z
< o, is subdivided into rectangular elements. The linear ap-
proximations over each element are considered for the radia-
tion source function and boundary intensity. The expression
for the net wall radiative heat flux and the divergence of net
radiative heat flux vector, Eqs. (4) and (7), can then be de-
scribed in terms of the integrals over these finite elements.

In numerical computation, the expression for wall radi-
ative heat flux is rewritten as in the following by properly
choosing values of distance L; and L, that are large enough
so that the source function and boundary intensity at nodes
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outside the range — L, <z <L, can be assumed independent of
z coordinate:

Q»rv(z) = Qi’x‘xward(z) - Qéutward(z)

n F1,i Ly {2
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The subscript 1,/ in the preceding expression denotes the coor-
dinate of ith node in that direction. The linear approximations
of S(#%) and I,,(Z) are, respectively, given as

8(7,2) = Sii-1,j- (1 =xx)(1 = y¥) + Si-1,p(1 —xx) yy
+ S j-yXx(L=yy) + Sy, jyXx - yy

and

L) =1,;_{(1-yy)+1,;(3y)
where xx = (F—Fj;_1)/(Fy,; = Fy,;-1) and yy =(2—Z2y,;-1)/(Z1,;
—Z1,j-1)- Si.y=S(F1,i:z1,;) and I,,;=1,(Zy,;) are the nodal
parameters. Also, 7 =0, 7y, =7r, Z1,0= — Ly, and Z; y =La;
SYH=SF,—Ly), SHPN=SF,LyY), I,=I,(-Ly), and I,
=1,(L,). The approximations of S! and S? are given as

Sl(i') =>S(,'_1,0)(1 —XX) + S(,-,o)xx

SZ(?.) = S(,'__I,N)(l —xx) + S(,-,N)xx
The same treatment is applied to the expression for divergence

of net radiative heat flux vector. The eight-point Gaussian
quadrature is used to calculate the encountered integration. To

Table1 Numerical experiment on the number
of radial node points and axial step size
at Pe =100, Nc =0.1, y9=0.5, and L =1.0

z 0.0 0.5 1.0

R =0.5

b Case 1 0.50287 0.52082 0.53712

Case 2 0.50290 0.52091 0.53722

¥ Case 1 0.56468 0.71346 0.76766

¥ Case 2 0.56507 0.71404 0.76672
R =1.0

v Case 1 0.50309 0.52232 0.53921

Case 2 0.50318 0.52210 0.53864

- Case 1 0.56096 0.68900 0.73633

¥ Case 2 0.56103 0.68870 0.73450

(n,A2); Case 1, (5,0.2); Case 2, (6,0.15).
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solve a problem, a guessed temperature distribution is substi-
tuted into Egs. (5) and (6) to obtain the source function and

boundary intensity at nodes. And then v-Q'(7,2) and Q) (2)

can be solved with the obtained source function and boundary
intensity. Subsequently, the governing energy equation with
the boundary conditions can be solved with the divergence of

-radiative heat flux, and net wall radiative heat flux and a new

temperature distribution are then obtained. The procedure ‘is
repeated until the convergence criterion is satisfied. The under-
relaxation factor is applied in the procedure of iteration to
guarantee a convergent solution. Since the grid points taken
for the radiation part are fewer than the convection part, a
linear interpolation is required between the grid points of the
radiation part to obtain the divergence of radiative heat flux at
each grid point of the convection part.

Results and Discussion

The energy equation is solved by the Crank-Nicolson finite
difference method with the axial step size 0.1-0.01. The step
size is larger far from the heating section and gets smaller
nearer the heating section. The step size is 0.01 throughout the
heating section. The radial direction is divided uniformly into
51 grids and solved by a central-difference method. The results
of bulk-temperature calculations by the aforementioned grid
system have been compared to the analytic solution for a non-
radiation case and show excellent agreement. There are five
nodes in the radial direction for computing divergence of ra-
diative heat flux, v-@’, and net wall radiative heat flux, Qj,
for g =0.5. The axial step size is 0.2 optical distance in com-
puting v-Q" and QJ,. A smaller grid size (six nodes in the
radial direction and an axial step size of 0.15) makes no signif-

_icant difference in the results, as shown in Table 1. Therefore,

the grid system (m,Az) = (50,0.1-0.01) is applied for the con-
vection part and (n,AZ)=(5,0.2) for the radiation part in this
study. The iterations are performed until the relative error of
net wall radiative heat flux is less than 10~* at all nodes be-
tween two successive iterations. Here, we choose Qj, as the
convergent criterion because the convergence of Q, guarantees

_the convergence of temperature.

Since the Nusselt number is just another representation of
Y — ¥, we only present the temperature profiles and wall
radiative heat flux in the following. Figure 2 illustrates the
effect of the conduction to radiation parameter (Nc) on the
bulk temperature (y¥,), wall temperature (¥,,), and the wall
radiative heat flux (Q}) for Pe =100, L =1.0, y=0.5, and
7z =0.5. The Nc generally expresses the significance of radia’
tion effect relative to conduction in medium. Since Nc is de-
fined based on the reference temperature, the change in wall
heat-flux levels would also affect the reference temperature
which in turn would result in different Nc values. A small Nc
represents a strong effect of radiation or a higher wall heat-

. flux rate, and thus more energy is transferred through radia-
. tion from the heating section, as shown in Fig. 2b. Since radi-

ation is a more straightforward heat transport compared with
other heat transfer modes, it is also noticed in Fig. 2a that there
exists a strong preheat and postheat due to the strong effect of
radiation or a higher wall heat flux.

The effects of optical radius on the bulk temperature, wall
temperature, and wall radiative heat flux are shown in Fig. 3
for fluid at Pe =100, Nc=0.1, L =1.0, and },=0.5. With
increasing 7g, the medium becomes optically thicker and the
radiation gets more difficult to transmit. The word ‘thicker”’
can be interpreted as higher density and thus the medium
becomes more strongly absorbing. A medium with large opti-
cal radius absorbs more heat from the heating wall through
radiation, as shown in Fig. 3b. Figure 3a also shows that the
strong preheat and postheat appear at a large optical radius.
This is because the fluid in both upstream and downstream
regions absorbs more heat directly from the heating wall
through radiation. The case 7z =0 implies that the medium is
transparent to radiation, i.e., the medium cannot absorb and
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Fig. 2 Effect of Nc on a) yp and ¥ and b) Q"v for Pe =100, 7 = 0.5,

Fig.4 Effect of Pe on a) y5 and y,, and b) Q, for Ne=0.1, 7z =0.5,
L=1.0, and yo=0.5.

L =1.0, and $o=0.5.
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Fig. 3 Effect of 7z on a) Y5 and ,, and b) Q;, for Pe =100, Nc =0.1,

Fig. 5 Effect of o on a) ¥ and ,, and b) Q; for Pe =100, N¢ =0.1,
L =1.0, and y9=0.5.

7k =0.5, and L =1.0.
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scatter radiation. For such a case, Nc is also zero except when
R =0 and the dimensionless boundary condition, Eq. (3b),
cannot apply. The results for 7z =0 depend on (4R7 2an3 Yk
rather than 73 /Ncin Egs. (2) and (3). We have obtained results
for 7z =0 at an arbitrary value of (4R7A 2an3 )/ k. Comparison
of the results with that for pure convection shows that wall-to-
wall radiation at 7z = 0 smoothens the temperature profiles, as
shown in Fig. 3a.

The effects of convective Peclet number on bulk tempera-
ture, wall temperature, and radiative wall heat flux are shown
in Fig. 4 for the case with Nc =0.1, L =1.0, ¢0=0.5, and
7r =0.5. A higher Peclet number represents a higher mass flow
rate or heat capacity of the fluid medium. A fluid with higher
Peclet number requires more energy to increase its own bulk
temperature because of high heat capacity or high mass flow
rate. The bulk temperature and wall temperature thus decrease
for a given wall heat flux as Peclet number increases, as shown
in Fig. 4a. Besides, a weaker preheat and postheat of the
medium as the Peclet number is getting larger are also shown
in Fig. 4a. The radiative wall heat flux decreases as Peclet
number increases, as shown in Fig. 4b. This is because a higher
Peclet number causes a high conductive heat flux at the wall
and thus reduces radiative wall heat flux for a constant total
wall heat flux.

Radiative heat transfer, unlike convective or conductive
heat transfer, is highly nonlinear (fourth power of tempera-
ture) in nature and is emitted by virtue of nonzero absolute
temperature of the media. This accounts for the difficulties in
the numerical analysis. In addition, the absolute values of the
temperatures also affect the physical phenomena. The influ-
ences of inlet fluid temperature ¥, upon bulk temperature,
wall temperature, and wall radiative heat flux for Nc =0.1,
Pe =100, L =1.0, and 7z =0.5 are shown in Fig. 5. It is no-
ticed in Fig. 5a that the temperature increases at various inlet
fluid temperatures have only slight differences at a given wall
heat flux. However, due to the nonlinear characteristics of
radiation transfer, the fraction of energy which is transferred
through radiation from the heating section is profoundly in-
creased as inlet temperature increases, as shown in Fig. 5b.
This indicates that at higher dimensionless inlet temperatures,
radiation becomes more dominating. As a consequence, the
temperature profiles are more smoothened, as shown in Fig.
5a. That is, a good preheat and postheat exist for a fluid with
higher dimensionless inlet temperature. It would be worthy to
point out here that the change in wall heat flux may result in
different dimensionless inlet temperature since the normaliza-
tion is with respect to (qgR/k).

Conclusions

The interaction between radiation and laminar forced con-
vection heat transfer in a radiatively participating fluid flow in
a circular pipe with a finite length heating section and the
effects of varous radiation and convection parameters on fluid
bulk temperature, wall temperature, and wall radiative heat
flux have been analyzed in this study. The results obtained can
be briefly summarized as follows:

1) A small conduction-to-radiation parameter and/or a
large optical radius cause a high wall radiative heat flux and
low wall temperature. Besides, a good preheat and postheat
appears at a small conduction-to-radiation parameter and
large optical radius.

2) The decrease in Peclet number increases wall radiative
heat flux and causes a good preheat and postheat.

3) At higher inlet fluid temperature radiation becomes more
dominating. A good preheat and postheat thus exist.
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